We argue that localized excitations in Minkowski space must be thought of as constrained states of holographic degrees of freedom. The Minkowski "vacuum" is in fact a density matrix of infinite entropy. The argument assumes that Minkowski space can be viewed as a limit of a space-time with non-vanishing cosmological constant, either positive or negative.
Introduction
Discussions of models of quantum gravity in Minkowski space usually begin with the assumption that the observables of the model are matrix elements of a scattering operator S in Fock space. In particular, it is assumed that the vacuum is the only state with exactly zero energy. We have known since the 1960s that this is incorrect in 4 dimensions. IR divergences in the presence of perturbative gravity demonstrate that all Fock space matrix elements of the S-operator vanish. There have been a variety of proposals for constructing the correct Hilbert space, using partially resummed perturbation series [3] , following the ideas of Fadeev and Kulish [2] in QED.
The situation in gravity is surely much more complicated and involves non-perturbative physics. There are many kinematic regimes, including many where individual sub-energies p i · p j are all small, in which scattering of gravitons on each other produces systems of black holes which spiral around each other and merge and eventually decay to Hawking radiation. The final quantum state of soft particles in such a collision is surely beyond the reach of any resummed perturbative calculation. In [4] Fischler and I argued that these non-perturbative issues suggest strongly that even in high dimensions, the gravitational S-matrix is not unitary in Fock space, even though it has finite matrix elements there. This line of thought matched up with intuitions we had formed in our attempt to construct a general theory of quantum gravity based on the Covariant Entropy Principle [5] . In these Holographic Space-time models, objects localized in causal diamonds always correspond to constrained states of a set of degrees of freedom living on the holographic screen of the diamond. From about 2006 [6] on, we realized that these degrees of freedom were connected to finite diamond deformations of the Awada-Gibbons-Shaw supersymmetric Bondi-Metzner-Sachs-van der Burg algebra, and thus to soft supergraviton states.
The purpose of the present note is to present evidence, independent of HST, for the idea that bulk-localized excitations are constrained states of boundary degrees of freedom. The latter may be thought of as a fuzzy version of pure gauge modes of the (super)-gravitational field in the bulk of a causal diamond, which are non-trivial on the boundary of the diamond. Here fuzzy means precisely that the expansion of functions in eigenmodes of the Dirac operator on the screen of the diamond is cut off, in a way that reflects the geometry of the diamond. We will not present explicit evidence for the second part of this conjecture.
de Sitter Space
The idea of localized objects as constrained states was inspired by the formula for the metric of black holes in dS space
The equation for horizons takes the form
where
and
The last equation shows that empty dS space has larger entropy than dS space with a local excitation. The entropy deficit is −2πRM, as we expect for the thermal ensemble at the Gibbons-Hawking [7] temperature. Note that this computation does not use quantum field theory, though enters implicitly through the relation between area and entropy via the definition of the Planck area. The covariant entropy principle suggests that the Hilbert space is finite dimensional [8] . The entropy of empty dS space is, in this interpretation, the logarithm of the dimension of that Hilbert space, and one defines energy as the coefficient of the inverse temperature in the entropy deficit. The entropy deficit itself is to be calculated from a microscopic model, which explains what the fundamental degrees of freedom are, and how one defines the constraints that correspond to bulk localization. HST provides such a model [17] .
The Gibbons-Hawking argument can be viewed as a confirmation of this conjecture, which shows that if we put a quantum field in contact with the dS vacuum, it gets heated up to the dS temperature. The fact that empty dS space acts as a heat bath for QFT, suggests strongly that the dS entropy is not to be associated with the degrees of freedom described by the QFT, but with a system of much larger entropy. Indeed, in the context of the semi-classical expansion, the area contribution to entropy is always a leading order effect, and the entropy of field theoretic fluctuations around a classical background subleading. It's only because of the divergence of the entropy of "low energy" field theory degrees of freedom, which is a combination of the usual UV infinities of field theory with the infinite redshift of energies as one approaches a horizon, that one can try to model the classical entropy as a quantum correction. Instead one should view this as a breakdown of effective field theory as far as the entropy calculation is concerned. The firewall "paradox" [10] is clear evidence that the entropy of horizons cannot be explained, even approximately, by conventional QFT 1 . The firewall paradox is resolved by HST [11] . However, our aim here is to argue for the interpretation of localized states as constrained states of horizon degrees of freedom, without resort to HST. We note first that, in the thermodynamic approximation, the unconstrained vacuum ensemble is exactly degenerate. This is inconsistent with the statement that it's a thermalized system, but of course a result in the thermodynamic approximation can be off by terms inversely proportional to powers of the entropy. Indeed, thinking of the horizon states as located on a timelike stretched horizon a distance of order Planck scale from the true horizon, we expect them to have energies of order 1/R, which would lead to thermalization if the spectrum is chaotic.
There has been considerable skepticism about the idea that dS space has a finite dimensional Hilbert space. The preferred alternative seems to be the radically infinite dimensional space suggested by quantum field theory in the dS background. The main point of the present note, as far as dS space is concerned, is that none of this matters to any observation done within a single cosmological Horizon. Generic states entangling the finite causal patch with transhorizon degrees of freedom predict a maximally uncertain density matrix for the patch Hilbert space, if we believe the full Hilbert space has more than twice the entropy 2 of the patch Hilbert space. Unless the patch Hilbert space entropy is just the Gibbons Hawking entropy, this would imply that the state of the system is highly unlikely to give the usual Gibbons Hawking temperature or have the Gibbons Hawking entropy. This is just Page's theorem [12] . If the patch Hilbert space really has the Gibbons Hawking entropy, and empty dS space is in fact represented by an ensemble with that entropy, then the existence of the larger Hilbert space is irrelevant, in the sense that it is equivalent to the statement that the state of the patch Hilbert space corresponding to empty dS space is the maximally uncertain density matrix, and has no further consequences. The same conclusion is suggested by the fact that causal patches associated with other geodesics are just given by active coordinate transformations on the dS patch. Since dS space has no time-like or null boundaries on which to define asymptotic symmetries which could act as unitary transformations on the physical Hilbert space, this just says that they are gauge copies of a given patch [13] .
Turning now to the Minkowski limit of vanishing c.c., we find an infinite dimensional Hilbert space of zero energy boundary states. Localized states are constrained states with a large entropy deficit compared to the vacuum ensemble, and we must understand how to construct a scattering operator for those states.
Anti de Sitter Space
Now let us take the limit of Minkowski space from the opposite direction in c.c. space. Here we have the advantage of a relatively well understood class of quantum models, which go under the rubric Conformal Field Theories with a large radius dual. There is not complete agreement on the question of whether these models become exactly supersymmetric in the infinite radius limit, or whether the large radius AdS space is always accompanied by at least two extra large compact directions. There is also a fairly well developed technology for obtaining Fock space matrix elements of the S matrix in 5 or more Minkowski dimensions from CFT correlators, although Giddings has advanced arguments that this limit is more subtle than it appears [27] .
There has been a lot of discussion of entanglement of subsystems of the boundary QFT and its relation to the bulk geometry. However, the regions under discussion are always infinite, and touch the boundary regions that define subsystems of the boundary CFT. Scale radius duality in AdS/CFT leads one to surmise that the description of finite regions must involve elimination of UV degrees of freedom in the CFT. The physically motivated discussions of the limit of boundary correlators which give S-matrix elements (as opposed to the purely mathematical calculations involving Mellin space) always emphasized a finite causal diamond, called "the arena" , in which the geometry of AdS was almost indistinguishable from that of Minkowski space. One is thus motivated to ask what the state of the subsystem corresponding to "the Arena" is in some finite energy state of the boundary QFT. Note that there is exactly one time-like geodesic in AdS space, such that the Arena's causal diamond is the causal diamond of an interval of sufficiently small proper time along that geodesic. Correspondingly, there is a particular choice of generator K 0 + P 0 among the conjugacy class of generators of the conformal group whose commutant is isomorphic SO(d − 1), which corresponds to the Arena.
We can immediately see that this is incompatible with the naive expectation that the Minkowski ground state is the limit of the AdS ground state and the Minkowski Hilbert space is obtained by acting with simple operators on that ground state, in a Fock space like picture. This follows from the simple assumption that the Hilbert space of the Arena has finite dimension, with entropy ≪ R d−2 where R is the AdS radius in d dimensional Planck units and d is the dimension of the Minkowski space that emerges in the large radius limit.
The CFT Hilbert space has infinite dimension, and even if we cut it off by considering 3 a field theory corresponding to a finite area causal diamond with radius ≫ R its dimension is exponentially larger than that of the subsystem corresponding to the Arena. Therefore, by Page's Theorem [12] , in a typical state in the full Hilbert space, the Arena is maximally entangled with a much larger system, and its reduced density matrix is maximally uncertain. This is consistent with the physical picture of the Arena as a primarily empty almost Minkowski space-time, only if we assume that that space-time does not correspond to a pure state, but rather a maximally uncertain density matrix. One could respond to this by claiming that the ground state of the QFT is, at least approximately, a tensor product between a unique state of the Arena subsystem and a state of its complement in the (cutoff) QFT Hilbert space 4 . The problem with this idea is that the QFT ground state is unique. In the case of a CFT different versions of K 0 + P 0 in the conjugacy class all share the same ground state, but they correspond to different time-like geodesics, which are 3 invoking scale radius duality 4 The notion of tensor factorization is much more complex for infinite dimensional Hilbert spaces. not at rest relative to each other. That is, the Arena for one choice of K 0 + P 0 is not the same space-time region as that for another.
In fact, there's a problem even for a fixed choice of K 0 + P 0 . There is, as we have said, a correspondence between a choice of K 0 + P 0 and a timelike trajectory, but that correspondence does not specify an interval along that trajectory. If we consider a small excitation of the QFT vacuum, designed to send a small number of particles into the Arena, to undergo a scattering event that approximates Minkowski space scattering, among the criteria for the validity of that approximation is that the time elapsed in that event [?, ?, ?, ?] be much shorter than the AdS radius. For example, to have a hope of approximating black hole formation and evaporation in Minkowski space both the formation time and evaporation time must be shorter than the AdS radius. On longer time scales, the final state particles bounce off the conformal boundary and are very unlikely to enter again the diamond which is simply the time translation of the Arena. The empty Arena itself could be the time translation of a diamond where a scattering process took place a time t > R in the past. Thus, it's clear that the approximate Minkowski vacuum in the Arena can be achieved in an infinite number of states of the QFT. It's inconsistent to claim that all of these states are well approximated by a tensor product of a unique state of the Arena times different states of the DOF that commute with the Arena variables. In particular, consider variables in the Arena, which evolve into variables of the time translated Arena, under the action of the QFT Hamiltonian. If a scattering process took place in the Arena, these degrees of freedom are definitely entangled with degrees of freedom that are no longer localized in the translated diamond. Removing that entanglement would require dramatic violations of bulk locality. The state of the Arena corresponding to the Minkowski vacuum is thus impure, generically, and given the large size of the system with which the Arena is entangled, the density matrix is maximally uncertain.
Parenthetically, we remark that the restriction of an AdS mimicry of a Minkowski process to a proper time along a geodesic in the Arena that is < R, shows us that, even at the perturbative level, one cannot obtain complete information about the Minkowski S matrix from AdS correlators. Consider the formation and evaporation of a black hole of Schwarzschild radius R S ≪ R. In d dimensions, in order to capture the quantum mechanics of the complete process, the Page time ∼ R d−1 S must be ≪ R. Now consider a Hawking particle, emitted in the late stages of the evaporation. In Minkowski space, there are finite amplitudes for that particle to emit gravitons at arbitrarily late times, and the full S-matrix includes those amplitudes. CFT correlators at such late times capture the effect of particles bouncing off the wall, and will not coincide with the corresponding Minkowski matrix elements. Note that this description was completely covariant. The rest frame and position of the black hole define a time-like geodesic, and our use of time in the above description refers to the proper time along that geodesic. A finite time interval along that geodesic defines the Arena, and the Minkowski S matrix includes processes that take place outside the Minkowski diamond, which approximately coincides with the Arena. The remarks of this paragraph appear to be related to issues raised by Giddings in [27] .
Returning to the description of the Arena, the fact that the typical state corresponding to the Minkowski vacuum has entropy of order the Arena's area shows us that the Minkowski Hamiltonian cannot coincide with that of the boundary QFT. The latter is gapped and does not have an exponentially large number of low energy states. In order to be consistent with physics in Minkowski space, the actual Hamiltonian describing evolution in the proper time of the time-like geodesic connecting the past and future tips of the Arena, must have a huge set of almost degenerate low energy states, whose energy goes to zero as the AdS radius goes to infinity.
Once we've accepted that the Minkowski vacuum constructed from a limit of AdS systems is a large entropy density matrix, we are forced to the conclusion that localized excitations inside the Arena must correspond to low entropy constrained states of the degrees of freedom responsible for the Arena's entropy. This is the same lesson we learned from the black hole entropy formula in dS space, but that formula gives us a more precise idea of how the number of constraints is related to the size of the Arena causal diamond and the eigenvalue of the Minkowski Hamiltonian.
Conclusions
Simple considerations involving only the general properties of entropy and entanglement lead to the conclusion that if we try to construct a quantum theory of Minkowski space-time, by taking the limit of vanishing c.c. from either positive or negative directions, the Minkowski vacuum is a maximally uncertain density matrix, on a Hilbert space whose dimension goes to infinity exponentially with a power of the c.c. . Bulk localized excitations must correspond to constrained states of the degrees of freedom responsible for the entropy.
We've also added to the evidence that computation of CFT correlators cannot lead, in the limit R AdS /L P → ∞ to the full Minkowski S-matrix. Previous arguments we've advanced to that effect [9] [4] had to do with finite time behavior of black holes or S-matrix elements in non-Fock sectors of the Hilbert space. Here we've pointed out the existence of perturbative processes, which cannot be reproduced for any finite value of R. More importantly, we've argued that the density matrix representing empty Minkowski space in AdS/CFT, is highly impure and cannot be identified with the unique CFT vacuum.
In this note, we've deliberately steered away from invoking the Holographic Space Time formalism (HST), but it's worth pointing out how HST circumvents all of these difficulties, and gives us a universal picture of maximally symmetric quantum space-times. HST starts from the quantum theory of a finite interval of proper time along a time-like geodesic in such a space-time 5 . In time symmetric space-times the evolution is most conveniently formulated in terms of causal diamonds for symmetric intervals [t, −t] . The variables are spinors on the d − 2 dimensional holographic screens of these diamonds, with an angular momentum cutoff related to the area of the screen, and the time dependent Hamiltonian couples together only those variables associated with the diamond at any time. One makes d − 2 forms out of spinors, so that the Hamiltonian is constructed to be invariant under the fuzzy version of volume preserving maps. This leads to fast scrambling on the screen, which can account for the behavior of Minkowski black holes. In the limit of an infinite Minkowksi like screen, with screen area growing like t d−2 the spinor variables converge to currents, which carry the quantum numbers of stable particles through and on the screen. The currents are operator valued measures on the momentum null cone and satisfy a generalization of the AGS [14] SUSic version of the BMSV [25] algebra. The momentum null cone can be thought of as the spectrum of the BMSV sub-algebra.
Particle-like states, with infinitely concentrated currents, are rare. The generic scattering state has jets of particles instead, but most of its entropy comes from soft states concentrated near the tip of the null cone P = 0. Jets are defined by constraints isolating them from the soft states: the P = 0 currents, which are still functions of the angles on the sphere, must vanish in small annuli surrounding the opening angle of each jet. The formulation of the theory in finite causal diamonds allows for a very precise definition of this jet isolation criterion. The modifications of this picture for non-zero c.c. are simple, particularly for positive c.c. . In that case we simply stop the growth of the Hilbert space at a fixed finite dimension, determined by the Gibbons-Hawking entropy formula. The time dependent Hamiltonian converges to a time independent one, which is still a fast scrambler. The energies of typical states scale like 1/N in Planck units, where NL P is the dS radius. This accounts for the behavior of the dS horizon when it is perturbed. The jet isolation of the Minkowski theory becomes the definition of states with energies of order 1, rather than order 1/N, which can be (temporarily) localized inside the bulk of the dS diamond 6 . These are states satisfying of order N constraints, and the (statistical plus quantum) probability of finding such a state is of order e −EN . E is proportional to the energy in Planck units. Thus this formalism explains the temperature of dS space.
AdS space is a bit more complex because the area of causal diamonds goes to infinity at a finite time. We know that the limit is controlled in the standard Wilsonian way, by a CFT on the holographic screen at infinity. Volume preserving mapping invariance is incompatible with the properties of field theory, which require a fixed conformal structure 7 . To achieve a field theoretic limit we must change the rule for the time evolution of the Hamiltonian, which we used in Minkowski and dS space, and replace it by an inverse tensor network renormalization group (TNRG) flow [15] , at a time when the causal diamond has an area of order the AdS radius. The Minkowski dynamics on scales much less than the AdS radius is "forgotten" by the TNRG dynamics, which converges to the field theory. HST gives us an explicit finite mapping between bulk dynamics and boundary CFT, in which locality on scales much smaller than the AdS radius is not accessible to any correlation function in the CFT. Furthermore, although the proposed flat space dynamics is not yet correct, since it has not incorporated the requirement that information accessible to trajectories moving at relative velocity is described in a compatible manner, it provides a large class of candidate Hamiltonians, all of which incorporate unitarity and locality, and exhibit excitations with all of the qualitative characteristics of both black holes and jets of elementary particles.
